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Abstract 

We develop a direct and elementary (calculus-free) exposition of the famous cubic 
surface of revolution x 3 + y 3 +z 3 — 3xyz = 1. 



1 Introduction 



A well-known exercise in classical differential geometry [1, 2, 9] is to show that the set S of 
all points (x,y,z) G M? which satisfy the cubic equation 



F(x,y,z)=x 3 +y 3 +z 3 -3xyz- 1=0 



(1) 



is a surface of revolution. 

The standard proof [2, 9], which, in principle, goes back to LAGRANGE [5] and Monge 
[7] is to verify that (1) satisfies the partial differential equation (here written as a determinant): 



F x (x,y,z) F y (x,y,z) F z (x,y,z) 
x—a y—b z—c 
I m n 







which characterizes any surface of revolution F(x,y,z) = whose axis of revolution has di- 
rection numbers (l,m,n) and goes through the point (a, Z?, c) . This PDE, for its part, expresses 
the geometric property that the normal line through any point of S must intersect the axis of 
revolution (this is rather subtle; see [3]). All of this, though perfectly correct, seems compli- 
cated and rather sophisticated just to show that one can obtain S by rotating a suitable curve 
around a certain fixed line. Moreover, to carry out this proof one needs to know a priori just 
what this axis is, something nor immediately clear from the statement of the problem. Nor 
does the solution give much of a clue as to which curve one rotates. 
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A search of the literature failed to turn up a treatment of the problem which differs sig- 
nificantly from that sketched above (although see [1]). 

The polynomial (1) is quite famous and has been the object of numerous algebraical and 
number theoretical investigations. See the delightful and informative paper [6]. See also the 
remarks at the end of this paper. It therefore is all the more surprising that an elementary 
treatment of its geometrical nature as a surface of revolution is apparently not to be found in 
any readily available source. 

Therefore, this paper offers two detailed fully elementary and calculus-free solutions of 
the problem based on simple vector geometry. We will obtain a parametric representation of 
a meridian curve whose rotation produces S as well as a parametric representation of S, itself, 
which we have not seen before (although it can hardly be new). 

Finally, if we view (1) as a diophantine equation in the unknowns x,y,z, this parametriza- 
tion of § and the theory of pythagorean triplets will permit us to find infinitely many rational 
solutions to the equation (1) via a new rational parametrization of S. 

2 The first elementary solution 

The celebrated factorization 

x 3 +y 3 +z 3 -3xyz=(x + y + z)(x 2 + y 2 +z 2 -xy-yz~zx) (2) 
is an endless source of Olympiad problems and is the basis of our first solution. Let 

t:=x + y + z, R 2 :=x 2 +y 2 + z 2 , (3) 
where we assume t > 0. Indeed, since the second factor in (2) is 

x 2 +y 2 +z 2 -xy-yz-zx= \{x - y) 2 + \{x - z) 2 + \{y - z) 2 , 
it cannot be negative, so there is no solution to (I) with t ^ 0. Then 

xy + yz + zx= \{t 2 -R 2 ), 
whence the equation (1) can be written 

t -{3R 2 -t 2 ) = l. (4) 

If a point (jc, y,z) E S, then the quantities t and R 2 defined by (3) satisfy (4). 

Conversely, if t and R 2 are any two numbers which satisfy (4), then any point (x,y,z) 
which satisfies the two equations (3) simultaneously is a point of S. But the points (x,y,z) 
which satisfy the two equations (3) simultaneously are the points on the circle of intersection 
of the plane x + y + z = t and the sphere x 2 + y 2 + z 2 = R 2 . This circle has its center at the 
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point (5,5,5) on the line x = y = z which is the normal to the plane. Moreover, this normal 
line goes through the origin, which, in turn, is the center of the sphere. 
Now we observe that if we solve for R in (4), we obtain 

„ F 2 2" t 

where t/y/3 is the distance of the plane x + y + z = t from the origin. Since t > 0, this means 
that the set of points on the circle of intersection of the plane x + y + z = t and the sphere 
x 2 + y 2 + z 2 = R 2 is nonempty. Therefore, given any pair of numbers (t,R 2 ) which satisfy (4), 
there exists a circle with center on x = y = z in the plane x + y + z = tallof whose points 
belong to S. 

It is easy to find the radius of this circle. Since its center is (3 , 3, 5)1 by the theorem of 
Pythagoras the square of the radius is equal to 




Therefore, we have proved the following result. 

Theorem 1. The surface S is a surface of revolution formed by union of all the circles with 
variable center at (3,3,3). < t < °°, and radius ^2/3t. This circle lies in the plane 
x + y + z = t, which cuts the line x = y = z perpendicularly. 

We add the remark that the equaion 

x 3 +y 3 +z 3 -r-xyz = 1 

where r G R, is a surface of revolution only for r = 3. Thus, our equation (1) is singular. 



3 Parametrizations 

Now we can parametrize meridian curves of S. The plane 2z = x+y contains the line x = y = z 
and its normal has direction numbers (1, 1,-2). A unit vector parallel to this normal is 
( -±= , , — -±= ). Therefore the vector 

ri:= V^(vi'vs "vs) 

is a normal vector to x = y = z and its length is the radius of the circle of intersection. Forming 
its vector sum with ( |, j, |) , we have proved the following result. 

Theorem 2. The following parameterization gives us a meridian curve C(t) ofS: 

, ft It It 2 

co)= - + __,- + . 



.3 3v^'3 3y/i' 3 3V~t y 
where < t < °°. □ 
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A vector perpendicular to x = y = z and to (1,1,-2) simultaneously is (1,-1,0). A unit 
vector parallel to it is (^ ? ~ Tf'^) an ^ 



3?VV2' V^' 

is a normal vector to x = y = z whose length is the radius of the circle of intersection. 
Moreover, as we noted earlier, ri _L r% . 
Therefore, we can parameterize the surface S as follows: 

r(f,0) := ( ) +ricos0+r 2 sin0 



3'3'3 

or, writing r(f , 9) := (x{t, 9),y{t, 0),z(t, 9)), we have proved the following result. 
Theorem 3. The coordinate parametrizations ofS are 

x(t, 6) = l - + — ^ cos G + — 1= sin 6 
3 3^ V3i 

y(t,e)= t - + ^cos9--Lsine 
z(t,e)= t --^cos8 

where < t < oo and < 9 < 2k. 

It is a pleasant surprise that the cubic surface S has an elementary parametrization. How- 
ever, we could have predicted the existence of such a parameterization a priori. For, it is 
shown in the general theory of cubic surfaces [8] that a real cubic surface has a rational 
parametrization over the real numbers if and only if its real support is a connected set. How- 
ever, it is not easy of find such parameterizations and much research has been dedicated to 
creating algorithms for producing them (again, see [8]). It turns out that the real surface 
represented by the equation 

x 3 +y 3 +z 3 -r-xyz = 1 

where r E M, is connected if and only if — °° < r ^ 3, a fact whose proof we leave as an 
exercise for the reader. Moreover, the theorem on the existence of parameterizations for 
connected cubic surfaces requires far more advanced techniques than are appropriate for our 
paper. We add that it is well known that the trigonometric functions in our parametrization 
can be replaced by suitable rational functions of a single parameter. Indeed, we do so in 
Section 5 below. 
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4 An alternate solution 



Another way to show that S is a surface of revolution is to rotate the plane x + y + z = 
around the origin in such a way that the line x = y = z becomes the new Z-axis and the line 
x + y = becomes the new X-axis. This is accomplished by the rotation equations: 

X Y Z 

x = — 7= H 7= H 7= j 

y/2 V6 V3 
X Y Z 

2Y Z 

z ~ 7e> 7f ' 

We find that the surface S has the equation 




which explicitly shows that it is a surface of revolution around the Z-axis obtained by rotating 
the curve Z = j^/Y 2 . 



5 Rational solutions to a Diophantine equation 

If we think of the equation (1) as an equation in the three unknowns (x : y,z), we can obtain 
rational solutions by taking 



t —: u , 



sin0 



W3 
72 + 3 



cos 9 



r 2 -3 
r 2 + 3 



where u and r run over all rational numbers. 
Then we obtain these rational solutions. 

Theorem 4. Ifu^O and r run over all rational numbers then the following formulas 

u 2 1 r 2 -3 1 2r 
x=— + — -n — - + -■ 



3 3u r 2 + 3 u r 2 + 3 



1 r 2 -3 1 2r 



3 3u r 2 + 3 u r 2 + 3 
u 2 2r 2 -3 



3 ur 2 + 3' 

furnish infinitely many rational solutions to the diophantine equation 

x 3 +y 3 +z 3 -3-xyz= 1. 



5 



For example, if we take u = 2 and r = 3, we obtain the solution x=^,y = ^,z= ff • 

Our formulas for cos 6 and sin are based on the standard formulas for the Pythagorean 
triplets. Although our new rational parametrization of S gives infinitely many rational so- 
lutions to the cubic equation (1), we do not claim that it gives all rational solutions. We 
only mention it to show that our parametric representation of §, when conjoined with the 
famous formulas for Pythagorean triples, gives us a nice bonus in the form of a new rational 
parametrization of S. The complete rational solution, as well as references to the work of 
Ramanujan and others on this equation can be found in [4]. 
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